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A function ¢(x, u) is Globally Lipschitz (Lipschitz Continuous) with Lipschitz constant L if and only if:
¢ (x1,u) = ¢p(x2,u)l| < Llx —x2f|, L =0
Find the Lipschitz constant for the following functions:
1. ¢(x) = x*, if x € [~2,2]. You will have to use the triangular inequality.
Hint 1: b* — a* = (b — a) (b® + b%a + ba® + a®)
Solutions:

Applying the definition:
|f(x2) = f(x1)] = |25 — .
Applying the hint, we obtain:

f(x2) = f(x1)| = |2 — x1]|x3 + 251 + xox] + 7] <.
Note that,
|x% +x%x1 +xzx% +x§’| < |x2|3 + \x2|2|x1| + |xz||x1|2 + |x1|3 <23422242224 23 =32

Therefore,

[l9(x1, 1) — ¢(xa, )| < 32|31 — 32 .




2. ¢(y,x) = \/y?> + x2, with x € [—1,1]. You should apply the definition on y here.

Hint 2: You will have to multiply by a fraction that allows you to use

(Va— VB)(Va+VB) = a® — b2

Hint 3: Also, don’t forget that |a> — b?| = |a — b||a + b|.

Solutions: We apply the definition and the hints to obtain:
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‘\/3/%+x2_\/y§+x2 :‘\/y%+x2_\/y§+x2 ’\/y%+x2+\/y%+x2‘ _ \/y +x;+\/y —
Applying Hint 3, we get:

‘\/% +x% - \/y2+x2

since max(x?) = 1. Thus L = 1.
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