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e Hamiltonian:
H(x,u, A*(x,t),t) = g(x,u,t) + A" (x,t) f(x,u,t)

o Value function properties:

L Vie(x,t) = 9L = A*(x, )

2. —Vi(x,t) = = = minH(x,u, A" (x,1),t) = oH :
' ’ o ueu Y et ox
o The HJB Equation:
. v . i LAY
Vi (x,t) = 5 = IL%IJH(X,u,/\ (x,0),t) = (ax)
For this optimal control problem,
e 1 + 1 [ty T T
minimize | = §xtfotf+§/t {x(t) Q(t)x(t) +u(t) R(t)u(t)} dt
0

subject to x(t) = A(t)x(t) + B(t)u(t),

answer the following questions:

1. Construct the Hamiltonian.

2. Find the optimal u*(t) in terms of A*(x, t).
3. Write the Hamiltonian in terms of u*(t).
4

. Apply the value function properties (above) for this candidate value function:
V*(x,t) = %xT(t)P(t)x(t), P(t) =P (1)

5. Based on the given, derive the Differential Riccati Equation that relates P(t) with P(t), and ex-
plain how can u*(t) be obtained.

Solutions:

1. H(x,u, A*(x, t),t) = g(x,u,t) + A*(x, t) f(x,u, t)
= 2 [XOTQUIX() + 1) TRE(] + A7 (6, ) A1) + B(H)u(1)]
2. Minimum of ‘H w.r.t. u:
%—7: =u(t)"R(t) + A*(x,t)B(t) =0 = |u*(t) = —R™YHO)B(t) "A*(x, )"
Note that %277: =R(H) >0



3. The Hamiltonian in terms of u*(t) : H(x,u, A*(x,t),t) =
% (1) TQ(H)x(t) + (R‘l(t)B(t)T/\*(x,t)T)TR(t) (R (HBMH A" (x, t)T)}
FA(x, 1) [A(t)x(t) +B(HRY(H)B(H) TA*(x, t)T]

- %x(t)TQ(t)x(t) A (x D A(B)x(E) — %/\*(x,t)B(t)R’l(t)BT(t))L* (567 (%)

4. Properties of VF (see previous slides):
@ Vi 1) = A*(x,t) = T (HP(F)

(b) Vi = %xT(f)P(t)x(t) = _rurgzI}H(x' u, AN (x,t),t) = — (%)

5. Substitute A*(x, t) into (*):

(a) But —V(x,£) = (x) = (s%) = —%xT(t)P(t)x(t)

(b) Hence, for V*(x,t) = $xT (#)P(t)x(t) to be an optimal VE, we require:

() | =P(t) = Q(t) + P(t)A(t) + AT (t)P(t) — P(t)B(t)R ' (t)B(t) ' P(t)
(d) Recall that u*(t) = —R~1()B(t) "A*(x,t) T = — R ()B(t) T P(¢) x(t)
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